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ABSTRACT: We generalize recent work to construct a map from the conformal Navier
Stokes equations with holographically determined transport coefficients, in d spacetime
dimensions, to the set of asymptotically locally AdS;1, long wavelength solutions of Ein-
stein’s equations with a negative cosmological constant, for all d > 2. We find simple
explicit expressions for the stress tensor (slightly generalizing the recent result by Haack
and Yarom (arXiv:0806.4602)), the full dual bulk metric and an entropy current of this
strongly coupled conformal fluid, to second order in the derivative expansion, for arbitrary
d > 2. We also rewrite the well known exact solutions for rotating black holes in AdS;,1
space in a manifestly fluid dynamical form, generalizing earlier work in d = 4. To second
order in the derivative expansion, this metric agrees with our general construction of the
metric dual to fluid flows.
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1. Introduction

The AdS/CFT correspondence establishes a deep connection between quantum field theo-
ries and theories of gravity. At generic values of parameters both sides of this equivalence
are complicated quantum theories. However, every known example of the AdS/CFT duality
admits a large N limit in which the gravitational theory turns classical, and a simultaneous
strong ‘t Hooft coupling limit that suppresses o/ corrections to gravitational dynamics. In
this limit the AdS/CFT correspondence asserts the equivalence between the effectively clas-
sical large N dynamics of the local single trace operators p, = N~ 1TrOy, of gauge theory
and the classical two derivative equations of Einstein gravity interacting with other fields.

The usual rules of the AdS/CFT correspondence establish a one to one map between
the bulk fields and the single trace field theory operators; for instance, the bulk Einstein
frame graviton maps to the field theory stress tensor. Given a solution of the bulk equations,
the evolution of any given trace operator p,(z*) may be read off from the normalizable fall
off ‘at infinity’ of the corresponding bulk field. This dictionary allows us to translate the
local and relatively simple bulk equations into unfamiliar and extremely nonlocal equations
for the boundary trace operators p,(x). The equations for p,(z) are nonlocal in both space
and time; indeed the data for the classical evolution of p, includes an infinite number of
time derivatives of p, on an initial slice. Given the complicated and unfamiliar nature
of these equations, it is difficult to use our knowledge of bulk dynamics to directly gain
intuition for boundary trace dynamics. It would clearly be useful to identify a simplifying
limit in order to train intuition.

Some simplification of trace dynamics is achieved by focusing on a universal subsector
of gravitational dynamics [[lI]. We focus on two derivative bulk theories of gravity that
admit AdSy41 X M; as a solution (here M7 is any internal manifold whose character and
properties will be irrelevant for the rest of this paper). It is easy to convince oneself that
every such theory admits a consistent truncation to the Einstein equations with a negative
cosmological constant. The only fluctuating field under this truncation is the Einstein
frame graviton; all other bulk fieldsare simply set to their background AdS;y1 x My values.
This observation implies the existence of a sector of decoupled and universal dynamics
of the stress tensor in the corresponding dual field theories. The dynamics is decoupled
because all p,(x) other than the stress tensor may consistently be set to zero as the stress
tensor undergoes its dynamics, and this dynamics is universal because the evolution of the
stress tensor is governed by the same equations of motion in each of these infinite class of
strongly coupled CFTs.

While the universal stress tensor dynamics described above is clearly simpler than a
general evolution of p,(x) in the dual theory, it is still both complicated and nonlocal. It is
useful to take a further limit; to focus on boundary configurations in which the local stress
tensor varies on a length scale that is large, at any point, compared to a local equilibration
length scale (intuitively, ‘mean free path’) which is set by the ‘rest frame’ energy density
at the same point (we will make this more precise below). Local field theory intuition
suggests that boundary configurations that obey this slow variation condition should be
locally thermalized, and consequently well described by the equations of boundary fluid



dynamics. Hence, we expect the complicated nonlocal T}, dynamics to reduce to the
familiar boundary Navier Stokes equations of fluid dynamics in this long wavelength limit.

All the expectations spelt out above have been demonstrated to be true for d = 4,5
from a direct analysis of the Einstein equations (See [[]-f]). This analysis has also been
generalized to a large extent for general d in a recent paper by Haack and Yarom [[. In this
paper we continue and complete the analysis of [[f] in explicating the connection between
the Einstein equations and fluid equations in arbitrary dimensions.

In particular, we implement the programme initiated in [[[] to explicitly compute the
bulk metric dual to an arbitrary fluid flow (accurate to second order in a boundary deriva-
tive expansion). We verify the expressions for the second order stress tensor dual to these
flows which was recently derived in [[f], study the causal structure of the solutions we derive,
determine their event horizons at second order in the derivative expansion, and determine
an entropy current for these fluid flows. Further, we compare our results to exact solutions
for rotating black holes in global AdS;1; and find perfect match to the expected order. In
the rest of this introduction we will more carefully review some of the closely related previ-
ous work on this subject in order to place the new results of this paper in its proper context.

The authors of developed a procedure to construct a large class of asymptoti-
cally AdSs long wavelength solutions to Einstein’s equations with a negative cosmological
constant. The solutions in [l were worked out order by order in a boundary derivative
expansion, and were parameterized by a four velocity field u*(xz*) and a temperature field
T (z*). These velocity and temperature fields are further constrained to obey the four di-
mensional generalized Navier Stokes equations V, 7" = 0 where the stress tensor T""(z*)
is a local functional of the velocity and the temperature fields. The form of TH(z*) was
explicitly determined in [l to second order in a boundary derivative expansion (Some terms
in the stress tensor were independently determined by the authors of [§]. Especially notable
in this regard are the pioneering work in [[J-[1]].). Consequently, the construction of [I]
may be thought of as an explicit map from the space of solutions of a distinguished set of
Navier Stokes equations in d = 4 to the space of long wavelength solutions of asymptotically
AdSgyq gravity.

The spacetimes derived in [l were subsequently generalized and studied in more detail.
In particular, it was demonstrated in [{] that, subject to mild assumptions, these spacetimes
have regular event horizons. In the same paper, the location of this event horizon in
the ‘radial’ direction of AdSs; was explicitly determined to second order in the derivative
expansion and it was found to depend locally on the fluid data at the boundary (via a
natural boundary to horizon map generated by ingoing null geodesics). The authors of [
also constructed a local fluid dynamical ‘entropy current’ utilizing the pullback of the
area form on the horizon onto the boundary. The classic area increase theorem of general
relativity was then used to demonstrate the local form of the second law of thermodynamics
(i.e., the point wise non negativity of the divergence of this entropy current). On a related

LOur main aim here is to provide the appropriate background for our work rather than to review the
complete expanse of the literature relating hydrodynamics to holography. However, we have included a non-
exhaustive list of references pertaining to hydrodynamics in the context of holography in the References
section at the end of this paper.



note, in [f], a formalism was developed for conformal hydrodynamics which describes the
long wavelength limit of a CFT. Using this manifestly Weyl-covariant formalism, many
results of [[l] and [ could be cast into a simpler form and Weyl covariance could be used
as a powerful tool in classifying the possible forms of the metric, energy momentum tensor
and the entropy current.

In [}, the construction of [f[] was generalized to spacetimes that are only locally asymp-
totically AdSs, i.e. that asymptote to

1
dst = = [d2* + ds3 1 (1.1)

where dsgl is an arbitrary slowly varying boundary metric, at small z. It is expected
that, under the AdS/CFT correspondence, such solutions are a universal subsector of
the solution space of the relevant CFTs on the Lorentzian base manifold Mz with the
metric dsgl. In agreement with this expectation demonstrated that long wavelength
solutions of gravity with asymptotics given by ([[.1]) were parameterized by a velocity and
temperature field on the manifold M3 1, subject to a covariant form of the Navier Stokes
equations. As an example of this construction, the authors of [ were able to rewrite the
exact asymptotically global AdSs; Kerr black hole solutions in a very simply manifestly
fluid dynamical form, and demonstrate that the expansion of this metric to second order
in the derivative expansion is in perfect agreement with the general construction of the
metrics dual to fluid dynamics at second order.?

All of the results described above were originally worked out for the special case d = 4,
but some of these results and constructions have since been further generalized. In an early
paper Van Raamsdonk [[J] generalized the construction of the full second order bulk metric
to an arbitrary fluid flow on a flat boundary to d = 3 and also computed the holographic
fluid dynamical stress tensor to second order in boundary derivatives. Some terms in the
second order stress tensor for the uncharged conformal fluid in arbitrary dimensions were
calculated using different methods by [[4, [§]. Further, 1/X and 1/N. corrections to some
coefficients have been computed in [§, [d - [Ld].

More recently, Haack and Yarom [[j] partially constructed the second order bulk metric
to an arbitrary fluid flow in a flat d dimensional boundary (for arbitrary d) and fully
computed the dual second order fluid dynamical stress tensor for a flat boundary. In
this paper, we continue the study of Haack and Yarom [[f] to generalize all of the work
on solutions of pure gravity duals to arbitrary fluid flows in d = 4 dimensions (reviewed
above) to arbitrary d > 2.

This paper is organized as follows. In section 2 below we review the Weyl covariant
notation for fluid dynamics that we will use in the rest of this paper. In section 3 we
briefly explain the logic of our construction of long wavelength bulk solutions dual to fluid

2The authors of [ﬁ] also considered the coupling of a slowly varying dilaton to the metric. It would be
an interesting exercise to consider generalizing the results of this paper to a bulk spacetime with dilaton
dynamics. However, in this paper, we will confine ourselves to the case where the dilaton is set to its
background value. On a related note , we should also mention two recent papers , B] which appeared
while this paper was nearing completion in which the fluid gravity correspondence was extended to a class
of charged black holes in AdSs with flat boundary.



dynamics. In section 4 below we present explicit solutions to Einstein equations to second
order in the boundary derivative expansion. Our solutions asymptote at small z to

1
d83+1 = ? |:dZ2 + ds?l—l,l] (12)

where ds?l_u is the arbitrarily specified weakly curved metric on the boundary. Our
solutions are parameterized by a boundary d-velocity field u(z) and a temperature field
T(z) where x* are the boundary coordinates. These velocity and temperature fields are
constrained to obey the d dimensional Navier Stokes equations, V,T*” = 0 where T"" is a
local functional of the velocity and temperature fields. We also present explicit expressions
for the boundary stress tensor 7" dual to our solutions. Our answer can be expressed in
an especially simple and manifestly Weyl-covariant form

Ty =p (g + duyuy) — 200,

— 217y, [U,)\D)\O',W + w,/\a,\,, + w,,)‘aM (1.3)

Oo3o™?
+ 2nb |:u)"D)\UW, + O'u)\O')\,, — %Ppy + O;wcuﬁuau6:|
with
=~ 4rT P T6nGaast?
s 1 0 yd=2 — L,
= - = b
n 47 16mG pgqgbd—1 and Tw / y — 1

where p is the pressure, T' is the temperature, s is the entropy density and 7 is the viscosity
of the fluid. 7, denotes a particular second-order transport coefficient of the fluid, o, is
the shear strain rate , wy,, is the vorticity and Cy,qs is the Weyl Tensor of the spacetime
in which the fluid lives. These quantities are described in more detail in section 2 below
(see also appendix A for a list of notation used in this paper). Note that our result for the
stress tensor agrees with those of Haack and Yarom [[j when restricted to a flat boundary
manifold, but also includes an additional term proportional to boundary curvature that
vanishes in flat space.

In section 5 below , we demonstrate that our solutions all have a regular event horizon,
and find an expression for the radial location of that event horizon upto second order in
the derivative expansion. We also construct a boundary entropy current Jg that is forced
by the area increase theorem of general relativity to obey the equation Vujg > 0. In
section 6, we rewrite the exactly known rotating black hole solutions in global AdS;;1 in
a manifestly fluid dynamical form. These solutions turn out to be dual to rigid fluid flows
on S% 11 (see [B(] for earlier work). These initially complicated looking blackhole metrics
admit a rewriting in a rather simple form in the fluid dynamical gauge and variables used



in this paper. In appropriate co-ordinates, the general AdS-Kerr metric? assumes the form

ds® = — 2uydx! (dr + 1 A,dx”) + [7‘2gwj + u(uS,,))\u)‘ — w“)‘wAV] dztdxz”
2 1.4
T Uty dztdxz” -
bidet [r 8 — wh,)]

where A, is the fluid dynamical Weyl-connection and S,,,, is the Weyl-covariantized Schouten
tensor introduced in [B]. We demonstrate that the expansion of these solutions to second
order in the derivative expansion agrees with our general construction of metrics dual to
fluid dynamics. We end our paper in section 7 with a discussion of our results and possible
generalizations.

Note that whereas all the results of this paper pertain apply only to d > 2, these
results here are easily extended to the d = 2 case which turns out however to be trivial.
See appendix B for a brief discussion of the triviality of conformal fluid dynamics in d = 2.

2. Manifest Weyl covariance
In this section we review the Weyl covariant notation we will use in the rest of the paper.

2.1 Weyl covariant notation for conformal hydrodynamics

The Fluid-Gravity Correspondence relates hydrodynamic solutions emerging from CFTy
to regular Solutions of Gravity in AdSgy1. The defining degree of freedom on the hydro-
dynamics side are the velocity field u*(x) and the temperature field 7 () and the energy-
momentum (and an entropy current, see below) are expressed as functions of these basic
degrees of freedom.* The basic equations of hydrodynamics are the conservation of energy-
momentum supplemented by the constitutive relations which give energy-momentum tensor
as a function of the basic fields of fluid dynamics.

In this work, we will in particular focus on hydrodynamics that arises out of a d
dimensional CFT on a weakly curved non-dynamical metric background g,,. The Weyl
invariance of the underlying CFT imply that the equations of hydrodynamics are covariant
under the transformations

G = e2¢(x>gw , Uy = e(b(x)ﬂ“ , T =e @7 (2.1)

Quantities (like u#(x)) that transform homogeneously under Weyl transformations are said
to be Weyl covariant. Notice that ordinary derivatives of Weyl covariant quantities are not
themselves Weyl covariant. However [f] developed a ‘Weyl covariant derivative’, utilizing
an effective ‘Weyl gauge field’ built out of derivatives of the fluid dynamical velocity field.
The formulas of conformal fluid dynamics - and all the spacetime dual metrics to fluid flows

3Note in particular that for d = 2, 0., = wu = 0 and Sy, term is absent in which case we get the BTZ
blackhole in AdSs as shown in [ﬂ]

“In this paper, we will confine our attention to fluids with no other conserved charge except energy and
momentum. Fluids with other conserved charges have additional degrees of freedom involving the chemical
potentials related to those charges.



that we will construct in this paper - may all be written in terms of the Weyl covariant
derivative of [B], making their Weyl transformation properties manifest. We will extensively
use the Weyl covariant notation developed in [J] in this paper, and so pause to review it
in detail in this subsection.

Let us define the ‘gauge field’

Vut ~
Ay = 'UJ)\V)\UV - ﬁulj == AV + 81/¢ (22)
As indicated by the last part of (B.3), the gauge field A, transforms like a connection
under Weyl transformations. This, in turn allows us to define a Weyl-covariant derivative
on arbitrary tensors of weight w. In particular, the Weyl covariant derivative of an arbitrary
tensor Q" of weight w (i.e. one that obeys QU = e~*?Q4:") may be defined as

Dy QL =V QU +w A\QE
+ [graAt — K Aq — KA QS + ... (2.3)
— (gAY = 0§ A, — 0 AN Q.

It may be checked that the covariant derivative of a tensor of weight w is also a tensor of
weight w.

For example the Weyl-covariant gradient of velocity may be decomposed into symmet-
ric and antisymmetric pieces as D,u, = 0, +w,, where o, is the shear strain rate of the
fluid and w,,, is the vorticity tensor. This decomposition demonstrates each of o, and w,,
are Weyl-covariant with weight w = —1 (a property that may also be - more cumbersomely
- directly verified from the definitions of these quantities in terms of ordinary derivatives
of velocity).

Recall that in a CFT, the stress tensor transforms with the weight d + 2 upto the
anomaly corrections and is traceless apart from the conformal anomaly. Using these con-
ditions, the basic equation of hydrodynamics - the conservation of the stress tensor - may
be recast into a manifestly Weyl-covariant form

D,T" =V, T + A (T", — W) =0 (2.4)

where W denotes the conformal anomaly of the underlying CFT.

Below we will have use for additional Weyl covariant curvature tensors that are natu-
rally constructed out of the Weyl covariant derivative. We will now define these objects

D, D)V =w Fp Vi + Ruva® Va with
Fuy =V, A, — V, A,
R;u/)\a = Rul/)\a =+ ful/g)\a (25)

o A2
— 5590, (VaAﬁ +Aads — 79a6>



where By,,| = B, — By, indicates antisymmetrisation.® As is evident from the expressions
above, the Weyl-covariantized curvature tensors do not vanish even if the fluid lives in a
flat spacetime.

We will also need a few other tensors derived from the Weyl-covariantized Riemann
tensor including Weyl-covariantized Ricci tensor R, and Weyl-covariantized Ricci scalar
R.5 In addition, the Weyl-covariantized Schouten tensor Sy is defined from the Weyl-

covariantized Ricci tensor in the same way as the ordinary Schouten tensor.”

_ 1 ng/ . A2 ,7-"/“/

and in turn, the Weyl curvature C),,, . is related to its Weyl-covariant counterpart C,, o via

Covro = Runro + 02901207 Sa
I = [H H)‘ o B (27)
= Luvdo + fuug)\o

Conformal hydrodynamics is easily formulated using the tensors above along with Weyl-
covariant derivatives of velocity and temperature fields. Further, we would also find it
often convenient to use the following Weyl-covariant combinations

Y
’LL)\D)\O'HV = P“QPVBUAVAUQQ + mO‘uy

Rouw = Ry + (d —2) (VA + Ay Ay — A%g) + g VoA + Fu
R=R+2(d—1)VaA* — (d—2)(d —1).A> (2.8)
Dro,\ = (V)‘ —(d— 1).»4)‘) Tun
D)‘ww\ = (VA - (d - 3).»4)\) N

Before ending this section we will now digress to review the motivation for our definition
of the ‘gauge field” in structural mathematical terms [J]. The mathematically non inclined
reader is invited to skip directly to the next section.

In a spacetime which is associated with a class of Weyl-equivalent metrics, one way
to write down manifestly Weyl-covariant expressions is to introduce what is known as a
Weyl connection [PI-P3. A torsionless connection VVeyl is called a Weyl connection if for
every metric in a class of Weyl-equivalent metrics, there exists a one form A, such that
V,erylgw\ = 2A,9,x. A weyl-connection enables us to define a Weyl-covariant derivative D,,
acting on a tensor field with a weight® w as D, = foeyl +wA,. In terms of D,,, the above
requirement on the connection becomes Dyg,,, = 0 which is just the statement of metric

5Note that the curvature tensors appearing in this paper are negative of the curvature tensors defined
in ([

8defined by the relations R,., = RMVA and R = RAA where R\ is the Weyl-covariantised Riemann
Tensor defined in the eq.(@).

"We remind the reader that the Schouten tensor is defined by the formula(d — 2)S,, = R, — %.
One way to motivate this definition is to look at the definition of the Weyl curvature tensor C,uxno =
RuuAa + Jﬁbg,,][kéf] Sap-

by which we mean a tensor field which transforms as Q¥ = e~ “?Q* under Weyl transformation.



compatibility of the Weyl-covariant derivative. Such a mathematical structure is especially
relevant to the problem at hand since hydrodynamics on a spacetime background provides
us with a natural Weyl connection. The required A, is uniquely determined by requiring
that u’Dyut = 0 and Dyu* = 0. Using these equations, we can solve for A, in a particular
Weyl frame in terms of the velocity field u# and the usual® covariant derivative V, to get

the equation (R.2).

2.2 Classification of fluid dynamical Weyl covariant tensors to second order

In this subsection, we will classify all the Weyl invariant scalars, transverse vectors (a
vector /tensor is transverse if it is orthogonal to w*) and symmetric traceless transverse
tensors with less than or equal to two derivatives. We enumerate these invariants ‘on
shell’. In other words two invariants that are set equal by the equations of motion of fluid
dynamics are treated as equal in our counting.

In order to classify the Weyl-covariant tensors, we begin with the basic quantities
of hydrodynamics - the fluid temperature T" = d/(47b) and the fluid velocity w*. The
temperature is a Weyl-covariant scalar with conformal weight unity and the velocity is a
Weyl-covariant vector with conformal weight unity. Consequently bu* is the only derivative
free conformally invariant object one can build out of the basic fields of fluid dynamics. It
follows that, at the zero derivative level, there are no non-trivial Weyl-invariant scalars, no
invariant transverse vector or symmetric traceless transverse tensors.

Let us now turn to one derivative Weyl invariants of fluid dynamics. Recall that we wish
to classify only the on-shell invariants. Clearly the relations imposed by the V,T*" = 0 on
one derivative invariants have their origin in ‘zero derivative’ or perfect fluid contributions
to the stress tensor. This tensor is proportional to b~¢ (9uv + duyuy,). The conservation
of this stress tensor allows us to express all derivatives of b in terms of derivatives of the
velocity(see appendix C). It follows that, with our rules of counting, at the one derivative
level, there are no Weyl-invariant scalars or transverse vectors. However there is one Weyl-
invariant symmetric traceless transverse tensor bo,, at the first derivative level. 10

In order to enumerate distinct on-shell Weyl invariants at the two derivative level, it
is important to account for the contribution of one derivative terms in the stress tensor
to the equation of motion. As we have explained above, the only possible one derivative
correction to the stress tensor (in the Landau Lifshitz gauge, see ahead for an explana-
tion) is proportional to o,,. After analyzing the two derivative relations that follow from
the conservation of the corrected stress tensor, it is not difficult to show there are three
independent Weyl-invariant scalars (which are 620,“,0‘“’ , b2w,ww‘“’ and b*R), two Weyl-
invariant transverse vectors (bP: Dyo, and bP; Dyw,?) and five Weyl-invariant symmetric
traceless transverse tensors -

U)VDAO';UM Cuowﬁuauﬁa quUAV + wl/AO-)\M7
P, P (2.9)
O'u)‘O')\,, — ﬁ aagao‘ﬁ and wu/\w)\,, + pi fyl wagwo‘ﬁ.

9defined via the Christoffel connection of the metric in that frame
10Tp this counting, we do not count the pseudotensors since they never occur in our computations.



We will find this classification of Weyl invariants very useful in the rest of this paper.
For instance, the classification immediately implies that the energy momentum tensor of
a general fluid configuration to second order in derivative expansion should assume the

form [§, P
™ = p(g"" + duru")

—2n [a“” — 71 WDATH + To(wh o 4 WY ao ™M)

+ &5 [U“Aa)"’ — deVl aaﬁaag} + & C“a,jguauﬁ (2.10)
+ & [w”xw)‘” + dPi“’l wo‘ﬁwag} + ...
where Weyl-covariance demands that
pocb?, N X b=, T2 Xb, & cw X p2—d (2.11)

3. Perturbative construction of solutions

In this section, we will briefly review the basic logic that underlies the construction of
gravity solutions dual to arbitrary fluid flows. The methodology employed in this paper
is an almost direct generalization of the techniques used in [[]-[j. Consequently in this
paper we will describe the logic of our construction and the details of implementation only
briefly, referring the reader to the references above for more details.

3.1 Equations of motion and uniform brane solutions

In this paper we develop a systematic perturbative expansion to solve Einstein’s equations
with a negative cosmological constant

d(d—1)

5—Gap =0, MN=1...d+1 (3.1)

GaB —

where G4p denotes the Einstein tensor of the bulk metric G4p.
One solution of these equations is AdS spacetime of unit radius

dr?

ds® = pe3 + 72 (nudetda”), pv=1...d (3.2)

Other well known solutions to these equations include boosted black branes which we write
here in Schwarzschild like coordinates

dr?

2 = 20 M v 7 v
ds r2f(r) +r° (= f(r)uyu,datda” + P, dat dx”)
1 ] (3.3)
= - vV - _ — _
f(r) 1 (b”{")d7 g/“/u u 17 PMV g/“/ —|— uuu,/’ b 47TT

gy in (B-J) is an arbitrary constant boundary metric of signature (d—1,1), while u* in the
same equation is any constant unit normalized d velocity. Of course any constant metric

— 10 —



of signature (d —1,1) can be set to 7, by an appropriate linear coordinate transformation
x# — AYzY, and u* can subsequently be set to (1,0...0) by a boundary Lorentz trans-
formation. Further b in (B.3) may also be set to unity by a coordinate change; a uniform
rescaling of boundary coordinates coupled with a rescaling of r. Thus the d(d + 3)/2 pa-
rameter set of metrics (B.J) are all coordinate equivalent. Nonetheless we will find the
general form (B.3) useful below; indeed we will find it useful to write (B.3) in an even more
general coordinate redundant form. Consider

O N2 3 ~
ds? = (dr ;;}T;?x ) + 72 <—f(bf)&uﬂ,,d:£“d:r” + Puydzn“dzn”> (3.4)
where
G = e2¢(x“)gwj, i, = e‘b(x“)uu, b= e?@)p, (3.5)

¢(x#) is an arbitrary function and g,,,, u#, and b are as defined in the previous equation.
This metric is coordinate equivalent to (B.3) under the variable transformation 7 +— e~ %r.
Consequently, the whole function worth of spacetimes (B.4) (taken together with the restric-
tions (B.§)) are all exact solutions to Einstein’s equations and are all coordinate equivalent.

While the metrics (B.4) all describe the same bulk geometry, in this paper we will give
these spacetimes distinct though Weyl equivalent boundary interpretations by regulating
them inequivalently near the boundary. We will choose to regulate the spacetimes (B.4)
on slices of constant 7 and consequently regard them as states in a conformal field theory
on a space with metric g, (z). With this convention, (the non-anomalous part of) the
boundary stress tensor dual to (B.4) is given by

1

= T6n Gl (G + diiy, iy, (3.6)
ds

Ty
which shows that the metric in the Equation(pB.4) is dual to a conformal fluid with a pressure
p = 1/(16wG pq5b?) and without any vorticity or shear strain rate. Of course the boundary
configurations dual to (B.4) with equal 9w, w*, b but different values of ¢ are related to
each other by boundary Weyl transformations.

Notice that

K (d—1)
ThyV — 2k K =
Y w 167G aqs

In other words the velocity field is the unique time like eigenvector of the stress tensor,
and the inverse temperature field b is simply related to its eigenvalue. We will use this

observation in the next subsection.

3.2 Slow variation and bulk tubes and our zero order ansatz

Consider an arbitrary locally asymptotically AdSgy solution to Einstein’s equations (B.1))
whose dual boundary stress tensor everywhere has a unique timelike eigenvector. Let
this eigenvector (after unit normalization) be denoted by u*(z) and the corresponding
eigenvalue by bﬁd. We define u#(z) to be the d velocity field dual to our solution, and also
define b(x) to be the inverse temperature field dual to our solution.

— 11 —



Let éx(y) denote smallest length scale of variation of the stress tensor of the corre-
sponding solution at the point y. We say that the solution is ‘slowly varying’ if everywhere
dz(y) > b(y). (As will be apparent from our final stress tensor below, b(y) may be inter-
preted as the effective length scale of equilibration of the field theory at y). Similarly, we say
that the boundary metric is weakly curved if b(y)?R(y) < 1 (where R(y) is the curvature
scalar, or more generally an estimate of the largest curvature scale in the problem).

In the previous section we described uniform brane solutions of Einstein’s equations. In
the appropriate Weyl frame the temperature, velocity, boundary metric and hence the stress
tensor of those configurations was constant in boundary spacetime. These configurations
are exact solutions to Einstein’s equations. We will now search for solutions to Einstein
equations with slowly varying (rather than constant) boundary stress tensors on a boundary
manifold that has a weakly curved (rather than flat) boundary metric. From field theory
intuition we expect all such boundary configurations to be locally patchwise equilibriated
(but with varying values of the boundary temperature and velocity fields). This suggests
that the corresponding bulk solutions should approximately be given by patching together
tubes of the uniform black brane solutions. We expect these tubes to start along local
patches on the boundary and then extend into the bulk following an ingoing ‘radial’ curve.
However this expectation leaves open an important question: what is the precise shape of
the radial curves that our tubes follow?

One guess might be that the tubes follow the lines x# =constant in the Schwarzschild
coordinates we have employed so far. According to this guess, the bulk metric dual to
slowly varying boundary stress tensors and boundary metric is approximately given by

(dF + 7 A, dz¥)?

2 _ =2 (  p(1sN~ 0oV D Wog..V
ds 250 +7 < for)a, b, det de” + Py, dat da > (3.8)

where

G = e2¢guy, Uy = ed’uu, b= e®b, (3.9)

where g, (x) is a weakly curved boundary metric, and u,(z) and b(z) are slowly varying
boundary functions.

Although this guess seems natural, we believe it is wrong. The technical problem with
this guess is that the metric of (B.§) does not in general have a regular future horizon [p4
(for particular examples of similar metrics that do not have a regular future horizon see [23,
24, [[§].The last two references show a boost-invariant expansion that develops a singular
future horizon). In this paper we will be interested only in regular solutions of Einstein
equations; solutions whose (future) singularities are all shielded from the boundary of AdS
by regular event horizons. As any perturbation to (B.§) that turns it into a regular space
must necessarily be large in the appropriate sense, it follows that (B.§) is not a good starting
point for a perturbative expansion of the solutions we wish to find.

There is another more intuitive problem with the proposal that the ansatz (@) is
dual to boundary fluid dynamics. It is an obvious fact about fluid dynamical evolution
that the initial conditions of a fluid may be chosen independent of any ‘kick’ (forcing) one
may choose to apply to the fluid at a later time. It seems reasonable to expect the same
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Future
Singularity

Future HMorizon in Tube

Schwarzschild tube

Bifurcation
Point

Time-like
Boundary of
AdS

Past Singularity

Figure 1: Penrose diagram of the uniform black brane illustrating the causal Eddington-
Finkelstein tubes running along ingoing null geodesics. The tubes with af, . . —constant are
also shown. Note that we have suppressed the other regions of the penrose diagram not germane
to the discussion in this paper.

property of the bulk solutions dual to fluid dynamics.!! Now consider kicking a fluid in an
arbitrary motion at the point y*. The future evolution of the fluid is affected only in the
‘fluid causal future’ - of y*. We call this region C(y*). Note that C(y*) lies within the
future boundary light cone of y*.!2 Now consider the bulk region B(y*) that consists of
the union of all the tubes, referred to above, that originate in the boundary region C'(y*).
Clearly B(y*) is the part of the bulk spacetime that is affected by our kick at y*. Bulk
causality implies that B(y") must lie entirely within the future bulk light cone of y*.

This requirement is not met if we generate B(y*) with our tubes that run along lines
of constant x* in Schwarzschild coordinates. However it is met in a particularly natural
way (given the massless nature of the graviton) if our tubes are chosen to run along ingoing
null geodesics (see figure [i]).*?

1Tn our set up we can kick our fluid at y* by varying the boundary metric at y* (this induces an effective
force on the fluid).

12This is strictly true only if we sum all orders in the fluid expansion. Truncation at any finite order
could lead to apparent violations of causality over length scales of order 1/T'.

3For a related discussion on the desirability of using ingoing null geodesic tubes vis a vis causality
violating tubes, see @, @]
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With this discussion in mind, let us consider the ansatz

7,2

ds® = —2uydzt (dr +1r A,dz”) + TQngx“dx” + Wuuu,,da:”dx” (3.10)

where once again
v = e2¢gw(az), Uy = ed’uu(x), b= ed’b(x), (3.11)

and g, (x) is a weakly curved boundary metric, and u,(x) and b(x) are slowly varying
boundary functions. When g,, u, and b are all constant, (B.10) is once again simply
the uniform brane solution, rewritten in Eddington Finkelstein coordinates; i.e. when g,
uy, and b are all constant (B.1() and (B.4) are coordinate equivalent(via large co-ordinate
transformations).

However when g, u, and b are functions of z# (B.1() and (B.§) are inequivalent and
in fact differ qualitatively. As we will demonstrate below, under mild assumptions the
metric in (B.10) has a regular event horizon that shields all the boundary from all future
singularities in this space. Consequently, this space may (unlike the spacetime in (B.4))
legitimately be used as the first term in the perturbative expansion of a regular solution
of Einstein’s equations. Moreover the space described in (B.10) approximates the uniform
brane solution along tubes of constant z* in (B.1(]); such tubes approximately follow null
ingoing geodesics in this space.

For all these reasons, in the rest of this paper we will use (B.10) as the first term
in a systematic perturbative expansion of a regular solution to Einstein’s equations. The
perturbative expansion parameter is ﬁ (we assume that the curvature scale in the metric
is of the same order as 1/6x). We emphasize that the solutions we find could not be
obtained in a legitimate perturbation expansion, starting from (B.4). Several authors have
attempted to obtain the bulk metric dual to a ‘boost invariant Bjorken fluid flow’ starting
with the zero order solution described by Janik and Peschanski [[], and correcting it in an
expansion in 1/dzb (that turns into an expansion in 1 /7'§ for those particular solutions).
As pointed out in [, B§], however, the zeroth order solution of Janik and Peschanski
is precisely (B.4) for the particular case of boost invariant flow. Consequently, while the
approach of the current work and [, B, f—[i are similar in spirit to the perturbation
procedure initiated by Janik and Peschanski, we differ at a crucial point. While those
authors effectively adopt (B.4) as the starting point of their perturbation theory (for the
single solution they consider), in our work we adopt the inequivalent and qualitatively
different space (B.I(]) as the starting point of our perturbative expansion.

3.3 Perturbation theory at long wavelengths

The logic behind - and the method of implementation of - this perturbative procedure have
been described in detail in [[] and also in [, § —[. It has also been described in those papers
how this perturbative procedure establishes a map between solutions of fluid dynamics and
regular long wavelength solutions of Einstein gravity with a negative cosmological constant.
The discussion in the cited references applies almost without modification to the current
work, so we describe it only very briefly.
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We start with the ansatz gy = 95\2)1\/ + egg\}[)N + 6295\3)]\7 + .... Here 95\2)1\/ is given

by (B.10), € is the small parameter of the derivative expansion, and 95\?}\/ are the corrections
to the bulk metric that we will determine with the aid of the bulk Einstein equation.

In implementing our perturbative procedure we adopt a choice of gauge. As in all the
metrics described above, we use the coordinates r, x* for our bulk spaces. We use z* as
coordinates that parameterize the boundary and r is a radial coordinate. In order to give
precise meaning to our coordinates we need to adopt a choice of gauge. In this paper we
choose the gauge g, = 0 together with g,, = —u,. The geometrical implication of this
gauge choice was discussed in [ff], where it was explained that with this choice lines of
constant z# are ingoing null geodesics along each of which r is an affine parameter. Note
that the gauge choice described in this paper is different in detail from that employed in [i]
and also in [B, B[

The Bulk Einstein equations decompose into ‘constraints’ on the boundary hydrody-
namic data and ‘dynamical equations’ for the bulk metric along the tubes which are solved
order by order in the derivative expansion. The dynamical equations determine the cor-
rections that should be added to our initial metric to make it a solution of the Einstein
equations. At each order, we get inhomogeneous linear equations -but, with the same ho-
mogeneous parts. These inhomogeneous linear equations obtained from Einstein equations
can be solved order by order by imposing regularity at the zeroth order future horizon and
appropriate asymptotic fall off at the boundary.These boundary conditions - together with
a clear definition of velocity, which fixes the ambiguity of adding zero modes - give a unique
solution for the metric, as a function of the original boundary velocity and temperature
profile inputted into the metric 91(\(/][)1\7 - order by order in the boundary derivative expansion.

Now, we turn to the ‘constraints’. The ‘constraints’ on the boundary data can be
shown to be equivalent to the requirement of the conservation of the boundary stress
tensor. Recall that we have already used the dynamical Einstein equations to determine
the full bulk metric - and hence the boundary stress tensor - as a function of the input
velocity and temperature fields. It follows that the constraint Einstein equations reduce
simply to the equations of fluid dynamics, i.e. the requirement of a conserved stress tensor
which, in turn, is a given function of temperature and velocity fields.

It may be worthwhile to reiterate that, as expected from fluid-gravity correspondence,
metric duals which solve Einstein equations can be constructed only for those fluid config-
urations which solve the hydrodynamic equations. In the next section, we will present the
metric which is obtained by adopting this procedure.

3.4 Weyl covariance

In this subsection we explain that the bulk metrics dual to fluid dynamics must transform
covariantly under boundary ‘Weyl’ transformations. See [f]] for a more detailed explanation
of this fact.

To start with we note that our bulk gauge choice (described in the previous subsection)
is Weyl covariant. Any metric that obeys that gauge choice can be put in the form

ds? = —2u, (z)dz"(dr 4+ V, (r,2)dz") + &, (r, v)dz" dz” (3.12)
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where &, is transverse, i.e., u*®,, = 0.14

For later purposes, we note that the inverse of this bulk metric takes the form

u! [(Op — Vyu0r) @ 0p + 0p @ (0, — V0u0y)]

-1 (3.14)
+ (&™) (D = Vur) @ (0 — Vi0r)

where the symmetric matrix (&~1)*” is uniquely defined by the relations u, (=1 =0
and (61 &y, = 68 + utu, = P

Consider now a bulk-diffeomorphism of the form r = e~?# along with a scaling in the
temperature of the form b = e?b where we assume that ¢ = ¢(x) is a function only of the
boundary co-ordinates. The metric and the inverse metric components transform as

Vi= e V47 00|, w= iy, =8y and (BT = (@7 (3.15)

Recall however that, within our procedure, the quantities &,, and V), are each functions
of u* and b. Now u* and b each pick up a factor of e? under the same diffeomorphism
(the transformation of b is determined by examining the action of the diffeomorphism
on (B.10)). We conclude that consistency demands that V,, and &, are functions of b
and u* that respectively transform like a connection/remain invariant under boundary
Weyl transformation. It follows immediately that, for instance &, is a linear sum of the
Weyl invariant forms listed in section 2, with coefficients that are arbitrary functions of
br. Similarly, V, — A, is a linear sum of Weyl-covariant vectors(both transverse and
non-transverse) with weight unity.

Symmetry requirements do not constrain the form of these coefficients, which have to
be determined via direct calculation. In the next section we simply present the results of
such a calculation.

4. The bulk metric and boundary stress tensor to second order

4.1 The metric dual to hydrodynamics

Using a Weyl-covariant form of the procedure outlined in [[ll], we find that the final metric

1 All the Greek indices are raised and lowered using the boundary metric guv defined by

. —2
Guv = Thj{}or (G0 — Vo] (3.13)
and u, is the unit time-like velocity field in the boundary, i.e., g""u,u, = —1.
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can be written in the form

ds®> = — 2uyda” (dr + 1 Aydz”) + [7‘2gwj + u(uS,,))\u)‘ - wu)‘wAV] dztdxz”
+ ﬁ(rz - %wagwo‘ﬁ)uuu,,dx”dw” + 2(br)2F (br) [%U“V + F(br)afou,,} dxtdz”

af

af L
_ 2(()7‘)2 [Kl(br)%})“y +K2(br)u“uy Oap0 (br)

(br)d2(d—1)  (br)d

0030
—2(br)?Hy (br) |:’LL>"D)\O'uy + Ju’\cr)\u — ;ﬁ_ T

+ 2(br)? Hy(brr) [UAD,\UW +w, o, + w,/\au)\] dztdx”

U(HPVA)DQO'Q)\:| dz*dx”

P+ C’Wuguo‘uﬁ] dx*dx”

(4.1)

We have checked using Mathematica that the above metric solves Einstein equations upto
d = 10.

The various functions appearing in the metric are defined by the integrals

oo ,d—1 _ 1
F(br)z/b 75@ dy

[e'e) d—2_1
Hl(br)z/ yidy

1 1 1 #

2 Ay @ 2)on 2 T or)

(br (
_ [T dg S /
Hy(br) = /br @/1 Y3 dy [1+ (d = DyF(y) +24*F'(y)]
1 > dg Syl 1
=g /br £E4—1) /1 -1

~ 1 B 1 00 yd 2 _
R e
1 3d+5 4
T A T 3@ D)+ T T (or)

o0 d o0
Kl(br)E/b §—§ 5 dy y*F'(y)?

+ ...

1 p P ”
2P T A+ D™ T A D@+ o™ T )z

Kalbr) = [ 755 [L- 66~ () - 2d - e

+ (20— 1)~ (d - 2)) /fdyﬁ’(y)?]

(d=3)(d—-1)  2(d—2) 1 4
QA+ )G | dr) | dRd—1)r)d  (br)i

+ ...
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Tdd+ 2)(br) AT 1)(b7~)
1 1 #
4+ D)2+ 1)(br)HT T 2(d + 1) (d + 2)(br)d+2 - (br)2d
where we have also provided the asymptotic forms of the functions as their arguments tend
to infinity.

+ ...

Later in this paper, we will find it convenient to work with other equivalent forms of
the above metric. Using

1 R
A+ ) S
S“)\u d D)\w M—i-d 2D)\O' w— 2(d—1)(d—2)u”+”' (4.2)
we can write
ds? = — 2u,dxt (dr +r A,dz”) + gy, dat dz”
1 R
A v
- - D - D | de
[Wu Wiy + T3 W (uUn) — 73 o (uUv) + (d— 1) 2)u“u ] dx¥dr
1 1 1
+ = (r? = Zwaw P uyu, datda” + 2(br)2F(br) | o + F(br)o, oy, | detdz”
(br)d 2 b
af af
B 9 TaB0 upuy 0apo®™  L(br) A\ o o
2(br) [Kl(br)id . P, + Ko (br) or)iad—1) o) U P)yDao® | dztdx

O'agO'aﬁ
d—1

+ 2(br)? Hy(brr) [UAD,\UW + wu’\cr)\,, — 0“)\&))\,}] dx*dz”

—2(br)?Hy (br) |:’LL>\'D)\O'W/ + JuAO')\,, — P, + C’uauguo‘uﬁ] dx*dz”

(4.3)
or alternatively the metric can be written in the form (B.12)
ds? = —2u,dz" (dr + V,dz") + &, dat dz” with
2L
V, =rd, - Sput — o ;br) P/Dyo?,
- r2(1 — (br)?) — 1w W — (br)?K. (bT)M +
2(br)d PR S
:TAM + m |:D)\u) w D)\O' 1 + muu} — WPHD}\U v
af
Up 201 _ (pdy _ L aB _ ()2 9aB9
) [7‘ (1 —(br)%) 5Wapw (br)* Ky (br) 11 } +...
S :7’2PW — wu/\wM
1 Wl
+ 2(br)*F (br) [EJW + F(br)au)‘a,\,,} —2(br)*K (br)o—d/ﬁa1 P,
af (4.4)

— 2(br)? Hy (br) [UADAUW/ + O'MAO')\,, — 0—;6701

+ 2(brr)? Hy(brr) [UAD)\UH,, +w, o, + w,/\o*u)\] +...

P+ Cum,guauﬁ]
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Using (B.14), the inverse metric can be calculated. The tensor (&~ 1) occurring in
the inverse metric can be calculated as

1 1
— P + ﬁw“)‘w{

—1\pr __
(Qj )N _7,2

20 1 20 P
— —5F(br) [50‘“’ - F(br)a“ka)‘”} + TKl(br)%pW
r r -
4.5)
20* o (
+ —2H1(br) |:u)VD)\O'“V + ot \o™ — %P‘“’ + CHVBy g

2b*
— —Hg(br) [UAD)\O'/W +w“>\a)"’ +wV)\O'M)\} + ...

We have checked that results of this subsection agree with the hydrodynamic metric
duals for d = 4 derived by the authors of [[l] and the d = 3 metric derived in [f] (in
order to match our results with older work that was performed in different gauges we
implemented the necessary gauge transformations). In the next subsection, we proceed to
derive the stress tensor dual to this metric and compare it against the results available in
the literature.

4.2 Energy momentum tensor of fluids with metric duals

The dual stress tensor corresponding to the metric in the previous subsection is given by

Ty =p (g + duyuy) — 200,

— 217y [u’\DAJW + w,/\a,\,, + w,,)‘aM (4.6)
To30P
+ 2nb |:UAD)\O',W + a,f‘a;w - %PMV + C“a,,guauﬁ}
with
by 4 1
C AnT 167G aggh?
m ThrAdS (4.7)
s 1 . / yi2 -1
=—=———— and Tw =
T 4 T 167G aqsh®T w -

This result is a generalization to the fluid dynamical stress tensor on an arbitrary curved
manifold in general dimension d reported in [|-B, I, §, [[3] for special values of d and most
recently by [[i] for flat space in arbitrary dimensions. The values of 7, for some of the lower
dimensions is shown'® in the table [l.

5More generally, the integral appearing in the expression for 7., can be evaluated in terms of the derivative
of the Gamma function or more directly in terms of ‘the harmonic number function’ with the fractional
argument(as was noted in [@])

b d b .
Tw = =7 7B + ELog I'(2) o = —EHarmomc[2/d —1]

For large d, 7., has an expansion of the form 7,/b = 1/2 — 72/(3d*) + .. ..
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Value of 7,,/b for various dimensions
d | Value of 7,/b = [[* %dy Tw/b (Numerical)
31 <L0g _ %> 0.247006. . .
4| iLog 2 0.346574. . .
5| 4 (Log5+%,/1— % — ZArcCoth v5) | 0.396834. ..
E (Log 3+ ﬁ) 0.425803. ..

Table 1: Value of the transport coefficient 7, for various dimensions.

Comparing this expression with (R.10), we get
§o =& = 277(7—1 + 7_2) =2nb , m=7, and {,=0 (48)

Note that these relations between &,,&c, 71 and ™ quoted above are universal in the sense
that they hold true for uncharged fluids in arbitrary dimensions with the gravity duals.
It would be interesting to check whether these relations between the transport coefficients
continue to hold against various possible generalizations including the generalization to
fluids with one or more global conserved charge.'6

Now, we proceed to compare our results against the results already available in the
literature. Until now, we have found it convenient to closely follow the parametrisation of
the stress tensor in [fJ]. An alternative parametrisation of the energy-momentum tensor
was presented in the section 3.1 of [§] — the parameters 7, A1,2,3 and ~ defined there can
be related to our parameters via the relations

=1 , n=——m , &=4 , {c=r(d-2) and &, = A3 (4.9)

which in turn gives the value of the transport coefficients as

2nb

— (10

m=b—7, , M=— , X=-2n71, , A=0 and k=

which agrees with all the previous results in the literature ([, B, [

1811 this context, we would like to note that in the presence of a charge, there are more than one natural
convention for the definition of the velocity - velocity can be defined as the unit time-like eigenvector of
the energy-momentum tensor (as we have done in the chargeless case) or can be defined alternatively to
be the unit time-like vector along the charge current. The former is called the Landau frame velocity and
the latter is termed the velocity in the Eckart frame. The transport coefficients defined above can depend
crucially on which of these definitions are used.

While this work was nearing completion, the authors of [@] and [E] reported independently the transport
coefficients for a particular class of charged black brane configurations with flat boundaries. Interestingly,
their coefficients continue to obey & = 2n(m1 + 72) (or equivalently 4A1 + A2 = 2n71) in the Landau frame.
As far as we know, the charge dependence of ¢ is not known yet. Authors of [@] and [E] report &, # 0
for the charged case in the Landau frame.
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5. Causal structure and the local entropy current

5.1 The event horizon of our solutions

Although our assumptions can almost certainly be greatly relaxed, for the purposes of this
section we specialize to boundary metrics that settle down, at late times to either the flat
metric on R~ 11 or the flat metric on S9! x time and to fluid flows that settle down at late
times to uniform brane configurations on R*~1! or stationary rotating black holes (studied
in greater detail ahead) on S%'x time. See [] for a discussion on how the dissipative
nature of fluid dynamics makes the last assumption less restrictive than it naively seems.

Now the event horizon of our spacetimes is simply the unique null hypersurface that
tends, at late times, to the known event horizons of the late time limit of our solutions.
In this subsection we will explain how this clear characterization may be translated into
an explicit and local mathematical formula for the event horizon within the derivative
expansion.

Recall that our bulk metric is written in the gauge g, = 0, g, = —uy, and conse-
quently takes the form

ds® = —2u,dz" (dr + V,dz") + &, dz dz" (5.1)

where we remind the reader that &,,, is transverse and all the Greek indices are raised using
the boundary metric g,,,. As we have explained before V,, transforms like a connection and
&, is invariant under boundary Weyl transformations.

Let us suppose that the event horizon is given by the equation § = r —r, (x) = 0. The
normal vector €4 to this hypersurface is simply the one-form dS = £4dy” = dr — Ourpdx.
This one-form - and its dual normal vector - can be written in a manifestly Weyl covariant
(if slightly complicated) form as follows

gAdyA =dS = (dr + VAdw)‘) — kpdzt
€194 = G480 = n(9, — V,.0,) — utk,0, (5.2)
=nt [0, + Our, 0] = nt [8u]r:rH
where we have introduced two new Weyl-covariant vectors k* = e ?#* and n* = e ?p*
defined via

Ky = Oury +Vun and

5.3
nt =yt — (61_{1)HV"€V ( )

We use the subscript H to denote that the functions are to be evaluated at the event-
horizon.

If we adopt the boundary co-ordinates x* as the co-ordinates on the event horizon, the
induced metric on the horizon can be written as

ds3; = [GAB(y)dyAdyB] = Hy(x)dat dx” (5.4)

r=r. (z)
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with

Huw = G — uuky) (5.5)
and the null-condition on the horizon, [G zp] H§A§B = H,wn#n” = 0 translates to

(B k= 2ulk, (5.6)

We now follow to compute the event horizon of our solutions in the derivative
expansion. We start from a Weyl-covariant derivative expansion for r, given by

1
Ty = g +b (hlo'ag()'aﬁ + hgwagwaﬁ + th) +...

:rg))—l—rg)—l—...

(5.7)

Note that, since there is no first order Weyl-covariant scalar,!” there are no corrections to

r,. at the first order in the derivative expansion.

H
We first compute «,,

Ky =Dub~ ' = Sput — 2L PYDyo?,

1 K d (5.8)
1 af3 2H af < (2)
+ uy [4wa5w +2(d_1)aaﬁa +2b7‘H}+...

Substituting the above into (b.), we get

2b _ o1 o Kon o
7"1(5) = E |:’LLM(Dub L SMV'LL ) — Zwagw B _ mgaﬁa B:| (59)
To bring this to the form (p.7), we use (C.J]) and ({.9) to write

2 1 Dy
-1 S A A
Db = Swu” = <E_d— —2>DAJ it d—2“
2 R,’LL“

__“ ap e
d—177 Ty = 2)

+ ...

and

00 B 00 y— 1 1
LH:/ ¢ ldg/ dy ———— = — 5.10
1 e Yi-1) 2 (5.10)
which gives us the position of the event horizon as

1
ru =3 b (m0as0™” + hawagw™ + hyR) + ... (5.11)

where
2P+ d—4) Koy
T B2d-1Dd-2) dd—1)
d+2 1
T e R TS )

with Koy = /1 & [1-ee- P -2 - e

+2 ((d — 1)t — (d - 2)) /:O dy yzF/(y)z]

ha

hy =
(5.12)

17See [H] for a classification of the possible Weyl-covariant tensors.
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5.2 Entropy current as the pullback of Area form

Once the event-horizon is obtained, one can compute an area form on the horizon which
when pulled-back to boundary along the ingoing null geodesics gives the entropy cur-
rent.This general prescription by [[] translates into the following expression for the bound-

ary entropy current'®

(n)
o det; |’ H "
S 4G pgs

det\" H
~ 4Gaas

(5.13)

where we will define detgi)lH in the following.

To define detgl_)lH we will split the boundary co-ordinates z* to (v, ') and we continue
to use the same co-ordinates also on the event horizon. Under this split, the components
of the n# also spilt into (n¥,n?). We will denote the d — 1 dimensional induced metric on
the constant v submanifolds of the event horizon by b;;. Then, we define

det ™ H = 7vvdetd‘lh (5.14)
n?y/—detg
where g,,, is the boundary metric and the expression on the right hand side has been as-
sumed to be pulled back from the horizon to the boundary via the ingoing null-geodesics.
Though we have used a particular split to define det((in_)lH, it can be shown that the answer
that we get in the end is independent of the split(See section 3.3 of [[]). Hence,the expres-
sion in (p.13) constitutes a specific proposal for what the entropy current of the boundary
fluid should be. This construction has the advantage that the second law in the boundary
theory is automatically guaranteed by the area increase theorem in the bulk.
By following the procedure just outlined, the dual entropy current of the conformal
fluid can be calculated. We get

4GAdsbd_1J§ = u" + bPut |:A1 O’aﬁoﬂﬁ + As wagwaﬁ + As R]

(5.15)
+ b2 [Bl Dyo# + By Dy | + ...
with
2 Kigd+ K. 1 1
Ay :ﬁ(d+2)—¥, Ap=—55 Br=o—
) (5.16)
By = —243 = — >
! 2T dd—2)

18 A more detailed justification of this formula can be found in [E]

9The Area increase theorem states that under appropriate assumptions the area of a blackhole can never
decrease. This statement was proved by Hawking for the case of asymptotically flat spacetimes and is by
now standard text book material (see e.g. [@, @]) This theorem has since been extended to black holes
in more general spacetimes (see e.g. [@7@]), including asymptotically AdS spaces (see [@] and references
therein for a clear statement to this effect).
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where K1gd + Kop is given by the integral

Kigd+ Ko = /:Og |:1 —£(€ — 1)F’(§) —2(d— 1)§d_1

N (5.17)
+2 <(d — )¢t + 1) L dy yZF’(y)Q]

5.3 Second law and the Rate of entropy production

In the absence of a clear field theoretic microscopic definition, it may be pragmatic to regard
the entropy current of fluid dynamics as any local functional of the fluid dynamical variables
whose divergence is non negative on every solution to the equations of motion of fluid
dynamics, and which integrates to the thermodynamic notion of entropy in equilibrium.
According to this characterization the entropy current is any local Boltzmann H function,
whose monotonic increase characterizes the dissipative irreversibility of fluid flows.

In the previous subsection we have used the dual bulk description to give a ‘natural’
bulk definition of the entropy current that satisfies all these properties. However, at least
at the two derivative level, the construction of the previous subsection is not the unique
construction that satisfies the requirements spelt out in the paragraph above.

In this subsection we will take a purely algebraic approach to determine the most
general Weyl covariant two derivative entropy current that has a non negative divergence,
given the equations of motion derived above. The entropy current of the previous section
will turn out to be one of a 4-parameter class of solutions to this constraint.

20

The most general entropy current consistent with Weyl covariance”” can be written as

4GAdsbd_1Jg =ut —I—b2u‘u [Alo'agoﬂﬁ —I—Agwaﬁwaﬁ —I—AgR]
(5.18)
+ b2 |:B1D)\o'”)‘ + BQD)\UJM)\ + ...

Since we want to constrain the entropy current upto second order we will need to calculate
the divergence of this current. In order to perform the calculation in a Weyl covariant
fashion we note that the ordinary divergence V,.J g can be replaced by the Weyl-covariant
divergence D), J§ with

D,J5 =V, J§ + (w—d)A,JS (5.19)

as the conformal weight of any entropy current must be d.
Let us now take the divergence of (5.1§). We find

4GAasb" 1Dy Jg = (d— 1) b uDyb~" + b*u Dy |:A10'aﬁ0'aﬁ + Aswasw™ + A3R
(5.20)
+ b2Du [BID)\UW\ + BQ'D)\WW‘] + ...

20We assume that there are no pseudo-vector contributions to the entropy current which can possibly
appear only in the case of d = 4. See [E] for an analysis in d = 4 including pseudovectors.
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which can in turn be evaluated using the following identities:?!
o/ TH
pd

u'Dy [aagaaﬁ} = 2auyu)‘D>\a‘“’

(d—1) buDyb! =

utD,, [wagwo‘ﬁ} = 40’Ww“)‘w>\” + w FH
UFD,R = =20 Ry + wu F* + 2D, Dot — 2(d — 2)D,, [u, F*]  (5:21)
= —-2(d —2)o"” Ju/\a)\,, + wu,\w)‘,, + u)‘DAJW + C'Wuguauﬁ

+ W FM™ + 2D, Dyo™ — 2(d — 2)D,, [y F)
(d—3)

D, Dywt” = — 5 Wy FH

Substituting for the energy-momentum tensor from (f.§) and keeping only those terms
which contain no more than three derivatives, we get??

2 2A
4GAdde_1D“Ju = EbO';U'V |:0'“V — bd(d — 2) <A3 — d——22> quwAV

1 A A a
—bd(d — 2) <A3+m> <UM Oxy T U D)\O'M,,—i-cua,jgu uﬁ>
4 (Arbd + 7.,) u’\D,\aW]
+b*(B1 + 243)D, Do + ... (5.22)

We rewrite the above expression in a more useful form by isolating the terms that are
manifestly non-negative (keeping terms containing no more than three derivatives):

_ 2b bd(d — 2 24
4Gaasb" ' D, JG = d [UW - % <A3 a d—_22> W™,

bd(d — 2) 1 N
—T <A3+m> <0u>‘0>\y—|—u>‘DAUW+Cw,}5u uﬁ>

1 2
+5 (Aibd + 7,) u)‘D,\JW}
+b%(B1 + 2A43)D, Do + ... (5.23)

The second law requires that the right hand side of the above equation be positive semi-
definite at every point on the boundary. This gives us the single constraint:

B1+2A3=0 (5.24)

Equation (f.24) is the main result of this subsection. Any Weyl covariant entropy cur-
rent that obeys the constraint spelt out in (5.24) has a manifestly non negative divergence
of the entropy current, keeping only terms to the order of interest.

21The first of these identities is just the re-statement of energy conservation u, D, T"” = 0. The rest of
them can be obtained by exploiting the properties of various Weyl-covariant quantities which are detailed
in [E] Note however that the curvature tensors used here are the negative of those appearing in [E]

*2Note, in particular, that F,,, is zero on-shell upto second order in the derivative expansion(See ).
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A particular example of such a current was constructed in [ff]. The entropy current
proposed in [f] is equivalent to the following proposal for the coefficients
~ Tw ~ 1 ~ 1 ~ ~ 2

Al=-2, Ay=-=, Bo=—=, Bi=-24=_—"—
' ? *Ta—2 ! P T d(d-2)

o (5.25)

which yields a simple manifestly non-negative formula for the rate of entropy production
TDng =2n o0t +. ..

Another example of an entropy current whose divergence is non-negative is the en-
tropy current derived from gravity in the previous section using the coefficients appearing
in the equation (f.1d). Since the values of A3 and B appearing in (f.16) satisfy the con-
straint (5.24), we conclude that the entropy current constructed in the previous subsection
satisfies the second law. More explicitly, by substituting the values of A and B coefficients
from (p.1]), we get the rate of entropy production as

1 2
O + 5 (Arbd + 7,.) WDyoy | .. (5.26)

where A; and 7, have been defined in equations (5.15) and (f.7) respectively.

6. Black holes in AdS

6.1 AdS Kerr metrics as fluid duals

In the previous sections, we have found the bulk dual to arbitrary fluid dynamical evolutions
on the boundary, to second order in the derivative expansion. In this section, we now
proceed to test our results against a class of exact solutions of Einstein’s equations.

This class of solutions is the set of rotating black holes in the global AdS spaces. The
dual boundary stress tensor to these solutions varies on the length scale unity (if we choose
our boundary sphere to be of unit radius). On the other hand the temperature of these black
holes may be taken to be arbitrarily large. It follows that, in the large temperature limit,
these black holes are dual to ‘slowly varying’ field theory configurations that should be well
described by fluid dynamics. All of these remarks, together with nontrivial evidence for
this expectation was described in [2J]. In this subsection, we will complete the programme
initiated in [R(] for uncharged blackholes by demonstrating that the full bulk metric of
these high temperature rotating black holes agrees in detail with the 2nd order bulk metric
determined by our analysis earlier in this paper. This exercise was already carried out
in [f for the special case d = 4.

Consider the AdS-Kerr BHs in arbitrary dimensions - exact solution for the rotating
blackholes in general AdSgy in different coordinates is derived in reference [B]. Follow-
ing [BO], we begin by defining two integers n and € via d = 2n + € with ¢ = d mod 2. We
can then parametrise the d + 1 dimensional AdS Kerr solution by a radial co-ordinate r, a
time co-ordinate  along with d — 1 = 2n + € — 1 spheroidal co-ordinates on S%~!. We will
choose these spheroidal co-ordinates to be n + € number of direction cosines fi; (obeying

iiii2 = 1) and n + € azimuthal angles ¢; with ¢, 11 = 0 identically. The angular
velocities along the different ;s are denoted by a; (a,+1is taken to be zero identically).
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In this ‘altered’ Boyer-Lindquist co-ordinates, AdS Kerr metric assumes the form (See
equation (E.3) of the [Bd])

2
A 2 2M - Z'AZ Di
ds? — — W14 )2 4 —Sar__  2M <Wdt PP do )

1-2M/V  V§ — 1—a?
- 6.1
n-+e 2 2 1 n—+e 7’2 + CLZ 2 ( )
zz: > [dfi; + 7 d@] — W+ 2 gl_a?md#i
where
n+e ~9 n 2 nte 2p2
_ M3 _.d 1 a; 1 (s
= —r = = 1+ — 1+ —= =
W gl—a? v r<+r2>£[1<+r2> and ¥ = 1+r22r2—|—a
(6.2)
We first perform a co-ordinate transformation of the form
R dr a;dr
(1 2) (1—2M/V) P T ) (1 2M)V) (6:3)
followed by another transformation of the form
1 2 , 1 2 1
2 7 7
= — th W=-—co-—5— =W — 6.4
i W<1—a22> WI 1—21'(122#22 ) S ZZ: +§ 1_1_7%2 ( )
to get
ds® = —2u,dxt (dr + rA,dx") + [rzg“,, + EW] dxtdz” + Vl%blfjid Hdx” (6.5)
where
utd), = O + @il s Au=0, b= (2M)~ /4
G =W | —dt* + Z (du? + pidg; ]
(6.6)
r 2
Zuu =W _dt2 + Z a? (d:uz + 1 d(pz (Z a?uzdﬂz>
This expression can be further simplified using the following identities
Y = u,S, u = w, My
Iz (CV)A o WA (6.7)

r2VE = det [r 6% — wh)]
where the determinant of a tensor M) is defined by

ewijg‘ME. = det [ } €ap...
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Hence, we conclude that the AdS Kerr metric in arbitrary dimensions can be rewritten
in the form

ds®> = — 2uydx (dr + 1 Aydx”) + [rzg“,, + u(uS,,))\uA - w“Aw)\,, dxtdx”
r2uy,u (6.8)
z dztdz”
T hdet [r 60 — wh,] o

We have checked this form explicitly using Mathematica till d = 8.
This metric can also be written in the form

ds* = — 2u,dz" (dr + 1 A,dz”) + r’ g, datdz”

1 1

I D A 0w

wp Wiy + - 2D>\w (uUv) + d—D(d- 2)Ruuu,, dxtdx (6.9)

r?u,u
- dxtdx”
T det [r o) — wh,] o
or alternatively
ds* = —2u,dat (dr + V,dz") + &, dat dz” with
2
V, =rA, — St " (6.10)

© 2bedet [r 6F — wh,)]

2 A
S =1"Pu —w, wxy

It is easily checked that this metric agrees(upto second order in boundary derivative
expansion) with the metric presented in (fL.3) in section 4 of this paper, upon inserting the
velocity and temperature fields listed in ([.6).

6.2 The energy momentum tensor and the entropy current for the AdS Kerr
black hole

The exact energy momentum tensor for the AdS Kerr Black Hole described can be com-
puted using the standard counterterm methods. The non-anomalous part of the energy
momentum tensor is given by

1

- 11
167G pq5b? (6.11)

T = p(9u + duyu,) with p=

which is consistent with ({.7) if we take into account the fact that o,, = 0 in these
configurations.
The equation for the event horizon of the AdS Kerr Black Hole is given by V = 2M or

1 1\ & a?
_.d )
E_TH<1+T_2>H<H75>

o=l H (6.12)
d 1‘1‘2@2
=r, |1+ —5—+...
TH
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which can be solved for r,, to give

1 b? 9
i 6.13
_ld+2 o, bR .
b 2d(d—2) " T Ad—2)d—1)

which agrees with the expression for the event horizon in (f.11]) upon inserting the velocity
and temperature field configurations ([.6).

The entropy current for the AdS Kerr blackhole can be directly obtained from (f.139).
We have the following exact results:

n 2
[ 1.4 2y d—1 a; \ _ r
detd—lH == T‘H (1 + T‘_2> — 7bd(7‘2H—|— 1)
i=1 H

H
r2 +1 a?
n1d, = & + 2 — zala% = ud), +Z = +a a;idy, (6.14)
p " a;
T50u = 4GAdde(7’2 0 |" "o +Z r2 +a 2 @il

These exact results can alternatively be expanded in a derivative expansion. Keeping
terms only upto second order in the derivative expansion, we get

n 1
ety H = o 1[1__52 Za +. }
(6.15)
ntd, = w0, + 6 (1 - af)ai0y, + ...
which gives
b? bR b?
d—1qn _ pu|q1 _ 2 ap _ A 1
4G aqsb JS u |:1 2dw Waps d(d—Q):| + d—QD)\w (6 6)

We have checked this form explicitly using Mathematica till d = 8.

Comparing the above with (b.15) and remembering that ¢®? = 0 for the AdS Kerr
black hole, we find that our results in the previous sections are consistent with these exact
solutions.

7. Discussion

In this paper we have constructed an explicit map from solutions of the (generalized) Navier
Stokes equations on a d — 1,1 dimensional boundary with an arbitrary weakly curved
metric g,, to the space of regular solutions to the Einstein equations with a negative
cosmological constant that asymptote, at small z, to ds? = 272 [d22 + g dxtdz” ] We
have demonstrated that our solution space is exhaustive locally in solution space. In other
words consider a particular bulk solution B that is dual, under the map constructed in
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this paper, to a fluid flow F. Then every regular slowly varying bulk solution to Einstein’s
equations that is infinitesimally separated from B is dual to a fluid flow infinitesimally
separated from F'.

We have also demonstrated that - subject to certain restrictions on the long time be-
havior - all the metrics constructed in this paper have regular event horizons, and have
constructed the event horizon manifold of our solutions in this paper. It would be in-
teresting to relax the restrictions on long time behavior under which this result follows,
and simultaneously examine under what conditions these restrictions are dynamically au-
tomatic from the equations of fluid dynamics. In particular, as the long time limit of a
fluid flow on a static metric is necessarily non dissipative, it would be interesting to fully
classify all nondissipative flows on static background geometries.??

We have been able to put our construction of the event horizons described above to
practical use: by pulling the area form on the event horizon back to the boundary, we
have been able to define an entropy current for the dual fluid flow. The divergence of this
current is guaranteed to be non negative by the classic area increase theorem of black hole
physics. The entropy current we have constructed is a sort of local ‘Boltzmann H function’
which can, locally, only be created and never destroyed. The local entropy increase theorem
establishes the irreversible nature of dual fluid flows. It may be interesting to study the
structure of gradient flows generated by this ‘entropy function’.

In this paper we have presented explicit expressions, to second order in the derivative
expansion, for the holographic stress tensor of boundary fluid dynamics. Our expression in
equation ([.6), which is only a slight extension of the expression listed in [[f], is extremely
simple. It is clear from a glance at equation (f.f) that several ratios of the transport and
thermodynamical coefficients listed there are ‘universal’, i.e. independent of the spacetime
dimension for conformal fluids with a gravitational dual. It would be very interesting to
investigate whether any of this universality persists for more general (e.g. charged or non
conformal) fluids with a gravitational dual. It would be useful to have more data in hand
before speculating further; we hope to return to this issue in the future.

It would also be useful to understand the second order transport coefficients listed in
our paper more physically (perhaps in terms of an effective model of microscopic dynam-
ics that replaces kinetic theory). Along another line, it should not be difficult to derive
expressions for these coefficients in terms of two and three point correlations functions of
the stress tensor. In particular expect the expression for the coefficients of the nonlinear
terms in equation ([.f) to be determined from the three point LSZ-type formula (obtained
by stripping this correlator of its hydrodynamic poles and extracting the coefficient of k2
in the residue).

It would be interesting to attempt to semiclassically quantize the space of hydrody-
namic (and related) solutions of gravity with a negative cosmological constant. Such an
exercise could begin to allow one to account for the effects of statistical fluctuations about
hydrodynamical flows.

231t is natural to guess that this set is exhausted by uniform motion (in the case of the boundary R¢~11)
and rigid rotations (in the case of the boundary Sd*l’l)7 but we are unaware of proofs if any of this intuition.
We thank G.Gibbons for discussions on this issue.
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Finally, the map developed in this paper should allow us to incorporate atleast a small
fraction of the enormous (180 year old) study of hydrodynamics into the study of gravity.
We hope to return to this issue in the future.
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A. Notation

We work in the (— + +...) signature. The dimensions of the spacetime in which the
conformal fluid lives is denoted by d. We usually assume d > 2 unless otherwise specified.
In the context of AdS/CFT, the dual AdS;1 space has d 4 1 spacetime dimensions.The
greek indices pu,v = 0,1,...,d — 1 are used as boundary space-time indices, whereas the
latin indices A, B = 0,1,...,d are used as the bulk indices. Throughout this paper, we
take the extra holographic co-ordinate y(® = r with the boundary of the bulk spacetime

at r — oo.
We take the bulk AdS radius to be unity which is equivalent to setting the bulk
cosmological constant to be Apgs = —@. We denote the bulk Newton constant by

G ags. For the ease of reference, we now give the value of Gaqg for some of the well-known
CFTs with gravity duals: (See B]—BY] for further details)

1. The d=4, N'=4 Super Yang-Mills theory on N, D3-Branes with a gauge group SU(N,,)
and a ‘t Hooft coupling A\ = g%(MNc is believed to be dual to IIB string theory on
AdS5xS%_, with Gags, = 7/(2N2) and o = (47)\)~1/2 .

2. A d=3, N'=6 Superconformal®* Chern-Simons theory on N, M2-Branes with a gauge
group U(N.)xx U(N.)_ (where the subscripts denote the Chern-Simons couplings)
and a ‘t Hooft coupling A = N, /k is conjectured to be dual to M-theory on AdS,x SEZQ/Zk
with Gaqs, = N;2\/9)\/8 = 3k~ 1/2(2N,)~3/2,

%41n the case of k = 1,2, the supersymmetry should get enhanced to d=3, N'=8.
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Table of Notation
Symbol | Definition Symbol | Definition
ut | Fluid velocity (B-7) T | Fluid temperature
guv | Boundary metric P | guw + upuy
b|d/(4rT) p | Fluid pressure ([L6)
A, | Weyl-Connection (R.9) D,, | Weyl-Covariant
derivative (2.9)
Ruvre | Weyl-covariantized Suv | Weyl-covariantized
Riemann curvature (2.5) Schouten tensor (R.6)
Fuv | VigAy (see (.9)) u*Dyo, | See (B9)
Ruv, R | Weyl covariantized Ciwro | Boundary Weyl
Ricci tensor /scalar (P.§) curvature tensor (R.7)
o | Shear strain rate, 1/2 D, u,) wpp | Fluid vorticity, 1/2 Dy, u,,
n | Shear Viscosity ({.6) 7. | Shear relaxation time ([L.6)
T1,2 | Second order transport T, k | Alternate notation for
€ow,C coefficients (P.10) 23 2nd order coefficients ([£.9)
Gap | AlAdS;41 Bulk metric Gap | Bulk Einstein tensor
Vi, 8, | Defined by (B.19) (&1 | Defined by (B.14))
¢4 | Horizon Normal vector ([5.2) n#, k| See (F-9)
H,, | Induced metric r,(x) | Position of the horizon
on Horizon (5.4) and (F.5) given by r = r, ()
hi | Coeflicients in (p.11]) A;, B; | See (p.19)
F,HZ',KZ',L See (@)

Table 2: A Summary of notations employed in this paper — the relevant equations are denoted
by their respective equation numbers appearing inside parentheses.

3. A d=6 superconformal theory on N, M5-Branes is conjectured to be dual to M-theory
on AdS7XS%:1/2 with GAdS7 = 371'2/(16]\703).

These values can be used easily to compare our results with the standard results in the
literature.
We use round brackets to denote symmetrisation and square brackets to denote anti-

symmetrisation. For example, B(H,,) = B, + By, and B[ B,y — By,. Our conventions

p] =
for Christoffel symbols and the curvature tensors are fixed by the relations

VMVV = aMVV + Fu)\yv)\ and [V,“ V,/]VA = _RMVU)\VU' (Al)

We have included a table with other useful parameters used in the text. In the table g,
the relevant equations are denoted by their respective equation numbers appearing inside
parentheses.

B. d=2

Through the text of this paper we have worked with conformal fluids in d > 2 dimen-
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sions. In this section we explain that conformal fluid dynamics in d = 2 is special and
essentially trivial.

24 o .
=2 inde-

To start with note that a traceless stress tensor in d dimensions has sg; =
pendent components. The assumption of local thermalization in the fluid dynamical limit
allows us to work instead with the d variables of fluid dynamics; the velocities and tem-
perature. Now d < sq for d > 2; it is precisely for this reason that fluid dynamics contains
physical information beyond the conservation of the stress tensor. However so = 2; conse-
quently two dimensional conformal fluid dynamics is simply the assertion of conservation
of the two dimensional stress tensor. One may as well work directly with the components
of the stress tensor. The general solution to the conservation of the stress tensor in d = 2
is of course well known. In a frame in which the boundary metric locally takes the form
ds? = e*?dxtdr~ (and ignoring anomaly effects in this discussion) the most general con-
served and traceless stress tensor is given by T = f(z") and T__ = g(z~) for arbitrary
functions f and g. This constitutes the most general solution to ‘conformal fluid dynamics’
in two dimensions. Note that according to this solution, left and right moving waves do
not interact with each other. Consequently two dimensional conformal ‘fluid” dynamics is
both trivial and a misnomer; conformal fluids in two dimensions do not locally equilibrate.

The triviality of conformal fluid dynamics in two dimensions has a simple gravitational
counterpart: every solution of Einstein’s equations in two dimensions is locally AdSs. All
generally coordinate inequivalent regular solutions of these equations are the BTZ black
holes. (Note that the point mass solutions, studied extensively for instance in [iJ], have
a naked singularity atleast from the purely gravitational point of view). Conformally
inequivalent slicings of the same geometry (a la Brown and Hanneaux) generate the left
and right moving waves described in the previous subsection. From the bulk point of view
these solutions are trivial because they are all (large) diffeomorphism equivalent to static
black holes.

There is yet another way to express the triviality of conformal fluid dynamics in two
dimensions. It turns out that there are no non-zero Weyl-covariant quantities which can
be formed out of velocity/temperature derivatives and hence, as noted by [@, E], the first
order fluid dynamical metric becomes an exact solution of the bulk Einstein equations (see
section 4 of [f]] for more details). For all the reasons spelt out above, in the rest of our
paper we will focus on d > 2.

C. Pointwise solution to dynamics at second order in derivatives

As explained in [[], in order to construct the map from solutions of fluid dynamics to
solutions of gravity at second order, we need to ‘solve’ the equations of fluid dynamics,
at a point x* to second order in derivatives. While it is of course very difficult to find
the general global solutions to fluid dynamics, the corresponding equations are very easily
solved at a point. In this appendix we review the solution of these equations in explicitly
Weyl covariant terms. The results of this appendix were utilized in our construction of the
bulk metric in section 4.
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For solving the bulk constraint equations upto second order, we need (D,T*" = 0)
evaluated upto second order

4
Db = 26—

(C.1)

af D A
TopT gy — 2T 814
d—1 d

where we have introduced the entropy density s of the conformal fluid related to its pressure
by s = pd/T = 4mwpb. This can be used to solve for the partial derivatives of b completely
in terms of velocity derivatives

4 Wl Dyo
b = Aub + 2 ?7P75” = A”“]

i—1 "™ 4
ap/ayb - b(aMAV + AM'AV) + ...

(C.2)

Since the left hand side of the last equation is symmetric in g and v, we get an integrability
condition

OuAy = By Ay + .. (C.3)

Hence, we conclude that to this order we have a valid fluid configuration in a patch
around a point Py provided we assume

dmn | o gaaﬁ Dyo?
b=bo + €b Y+ 26— | — .
0 + €bo Aoz’ + 2€bj . d_1 Uy 7 .

4
F @R 0,4, + A A7 (C-4)

Fu =0,A,,=0+...

For the metric given in the text to be a solution of the Einstein equations, it is necessary
that the velocity /temperature fields obey the above equations of motion with /s = 1/(4).
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